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Abstract. Charginos ¥* and neutralinos %° in supersymmetric theories can be produced copiously at
ete™ colliders and their properties can be measured with high accuracy. Consecutively to the chargino
system, in which the SU(2) gaugino parameter M, the higgsino mass parameter p and tan 3 can be
determined, the remaining fundamental supersymmetry parameter in the gaugino/higgsino sector of the
minimal supersymmetric extension of the Standard Model, the U(1) gaugino mass M1, can be analyzed in
the neutralino system, including its modulus and its phase in CP—noninvariant theories. The CP properties
of the neutralino system are characterized by unitarity quadrangles. Analytical solutions for the neutralino
mass eigenvalues and the mixing matrix are presented for CP—noninvariant theories in general. They can
be written in compact form for large supersymmetric mass parameters. The closure of the neutralino
and chargino systems can be studied by exploiting sum rules for the pair-production processes in e*e™
collisions. Thus the picture of the non—colored gaugino and higgsino complex in supersymmetric theories

can comprehensively be reconstructed in these experiments.

1 Introduction

In the minimal supersymmetric extension of the Stan-
dard Model (MSSM), the spin-1/2 partners of the neu-
tral gauge bosons,~é and W3, and of the neutral Higgs
bosons, HY and HY, mix to form the neutralino mass
eigenstates x (i=1,2,3,4). The neutralino mass matrix [1]
in the (B, W3, H?, HY) basis,

M, 0 —MzCcgsSw MzS3SW
0 M> mzcgCywy —MzSgCw
M= g ’ (1)
—MmzcCasSw MzCaCw 0 by
MmzSgsw —MzSgew — 0

is built up by the fundamental supersymmetry parame-
ters: the U(1) and SU(2) gaugino masses M; and My, the
higgsino mass parameter p, and the ratio tan = vo /vy
of the vacuum expectation values of the two neutral Higgs
fields which break the electroweak symmetry. Here, sg =
sin 3, ¢g = cos 3, and sy, cy are the sine and cosine of
the electroweak mixing angle 0y . In CP—noninvariant the-
ories, the mass parameters are complex. The existence of
CP-violating phases in supersymmetric theories in gen-
eral induces electric dipole moments (EDM). The current
experimental bounds on the EDM’s can be exploited to
derive indirect limits on the parameter space [2,3], which
however depend on many parameters of the theory outside
the neutralino/chargino sector.

By reparametrization of the fields, M5 can be taken
real and positive without loss of generality so that the two
remaining non-trivial phases, which are reparametriza-
tion—invariant, may be attributed to M; and u:

My = |M;] e

p=lple®  (0< &,8, < 2m) (2)
The experimental analysis of neutralino properties in pro-
duction and decay mechanisms will unravel the basic
structure of the underlying supersymmetric theory.

Neutralinos are produced in ete™ collisions, either in
diagonal or in mixed pairs [4-12]

ete”

S R (,=1,2,3,4)

If the collider energy is sufficient to produce the four neu-
tralino states in pairs, the underlying fundamental SUSY
parameters {| M|, D1, Ma, ||, §,;tan B} can be extracted
from the masses myo (i=1,2,3,4) and the couplings. Par-

tial information from the lowest mgo (i=1,2) neutralino

states [3,10,13] is sufficient to extract {|My|,P1} in large
parts of the parameter space if the other parameters have
been pre—determined in the chargino sector [14,15].

The analysis will be based strictly on low—energy su-
persymmetry (SUSY). To clarify the basic structure of the
neutralino sector analytically, the reconstruction of the
fundamental SUSY parameters is carried out at the tree
level; the loop corrections [16] include parameters from
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other sectors of the MSSM, demanding iterative higher—
order expansions in global analyses at the very end. When
the basic SUSY parameters will have been extracted ex-
perimentally, they may be confronted, for instance, with
the ensemble of relations predicted in Grand Unified The-
ories [17].

In this report we present a coherent and comprehen-
sive description of the neutralino system, discuss its prop-
erties and describe strategies which exploit the neutralino
pair production processes at ete™ linear colliders to re-
construct the underlying fundamental theory. The report
is divided into six parts. In Sect. 2 we extend the mixing
formalism for the neutral gauginos and higgsinos to CP—
noninvariant theories with nonvanishing phases. The CP
properties of the neutralino mixing matrix are analysed
in detail; the structure of the neutralino mixing matrix is
characteristically different from the well-known CKM and
MNS mixing matrices due to the Majorana nature of the
fields involved. Analytic solutions for neutralino masses
and mixing matrix elements are provided for the general
case, and in compact form for the limit of large super-
symmetry mass parameters M; o and p. The special toy
case My = Ms and tan 3 = 1 can be solved exactly, and
it illustrates the complex structure of CP violation in the
neutralino system. In Sect. 3 the cross sections for neu-
tralino production with polarized beams, and the polariza-
tion vectors of the neutralinos are given [9,11]. The rise of
excitation curves near threshold for non—diagonal pair pro-
duction is altered qualitatively in CP—noninvariant theo-
ries. Thus, precise measurements of the threshold behavior
of the non—diagonal neutralino pair production processes
may give first indications of non—zero CP violating phases.
In Sect. 4 we describe the phenomenological analysis of the
complete set of the chargino and neutralino states which
allows to extract the fundamental SUSY parameters in a
model-independent way, leading to an unambiguous de-
termination of the U(1) and SU(2) gaugino and higgsino
parameters. The case in which the analysis is restricted
to the light neutralino states )2(1)72 will also be discussed.
In Sect. 5 sum rules for the neutralino cross sections are
formulated as an experimental check of the closure of the
four-state neutralino system. Conclusions are finally given
in Sect. 6.

2 Mixing formalism
2.1 General analysis

In the MSSM, the four neutralinos X9 (i = 1,2,3,4) are
mixtures of the neutral U(1) and SU(2) gauginos and the
SU(2) higgsinos. In the general case of CP—noninvariant
theories the neutralino mass matrix M in (1) is complex.
Making use of possible field redefinitions, the parameters
tan 8 and Ms can be chosen real and positive. Since the
matrix M is symmetric, one unitary matrix N is sufficient
to rotate the gauge eigenstate basis (BY, W?, HY, HY) to
the mass eigenstate basis of the Majorana fields x?

Maiag = N* MNT (3)
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with
0 B
=0 773
X5 W
2l =N| - 4
X3 Hy @)
X9 H3

The squared mass matrix MdmgMng = N*MMINT is
real and positive definite. The mass eigenvalues m; (i =
1,2,3,4) in Mgiqy can be chosen positive by a suitable
definition of the unitary matrix V.

The most general 4 x 4 unitary matrix N can be pa-
rameterized by 6 angles and 10 phases. It is convenient to
factorize the matrix N into a diagonal Majorana—type M
and a Dirac—type D component in the following way:

N =MD (5)
with the diagonal matrix

M = diag {ei"‘l, el glas gioa } (0 < a; < 7 mod )

(6)
One overall Majorana phase is nonphysical and, for ex-
ample, a; may be chosen to vanish. This leaves us with
15 degrees of freedom. The matrix D, which depends on 6
angles and the remaining 6 phases in four dimensions, can
be written as a sequence of 6 two-dimensional rotations

(18]
D = R34 R24 Ri4 Ra3 Ri3 Ry (7)
where, for example,

c12 S12 00
—512 ¢12 00
Ri2 = 8
- 0 010 ®)
0 001
The other matrices Rj;, are defined similarly for rotations
in the [jk] plane, where
Sik = sin ij ei‘;ﬂ“ (9)

0§5jk<2ﬂ'

Cik ECOSij
0 S ejk S 7T/2

Due to the Majorana nature of the neutralinos, all nine
phases of the mixing matrix N are fixed by underlying
SUSY parameters, and they cannot be removed by rephas-
ing the fields. CP is conserved if §;; = 0 or m and o; = 0
mod 7/2 1, i.e. the necessary condition for CP-nonin-
variance is the non—vanishing of at least one of the nine
physical phases.

The unitary matrix N of (3) defines the couplings of
the mass eigenstates YV to other particles. For the neu-
tralino production processes it is sufficient to consider the
neutralino—neutralino—Z vertices,

Y 2 TV,
(Xir |ZIX;L) = “Yew [NisN73 — NigNj,]

~ ~ g * *
(Xor |Z|X?R> = +m [Ni3Nj3 — NjyNja]  (10)

! Majorana phases a; = 47/2 describe different CP parities
of the neutralino states
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and the electron—selectron—neutralino vertices,

0 1~ | — 95
irlérLler) =+
<X R| L‘ L> \/iCW

[Ni5 ew + Njj sw]

(11)

The couplings g, g, and g_ are the Wev gauge coupling,

(Xielerler) = —v2g, N

and the Weéy, and Beér SUSY Yukawa couplings, respec-
tively. The Yukawa couplings must be identical with the
SU(2) and U(1) gauge couplings g and ¢’ at the tree level
in theories in which supersymmetry is broken softly:

9y =9=c¢/sw and g, =g =e/ew (12)
In (11) the coupling to the higgsino component, which
is proportional to the electron mass, has been neglected.
As a result, in the selectron vertices the R-type selectron
couples only to right—handed electrons while the L-type
selectron couples only to left—handed electrons.

2.2 The neutralino quadrangles

The unitarity constraints on the elements of the mixing
matrix N for Majorana fermions will first be derived with-
out reference to the explicit form of the neutralino mass
matrix. They can be formulated by means of unitarity
quadrangles which are built up by the links N, N, con-
necting two rows ¢ and j,

Mij = NilN;} -+ N»L‘QN;Q -+ N7;3N;3 -+ Ni4N;4 =0
for i #£j

and by the links Ni; N, connecting two columns ¢ and j

(13)

Dij = NliNl*j + NQiNQ*j + Ng,ZN;] + N4Z‘sz =0
for i #j

of the mixing matrix?. There are six quadrangles of each
type. The M;; quadrangles depend on the differences of
phases a; — o, while the D-type quadrangles are not sen-
sitive to a; phases®. The areas of the six quadrangles M;;
and D;; are given by

(14)

1
area[M;;] = Z(Uﬂfl + IR+ G+ ) (15)
arealDij] = 2 (1Jz| + [Jo3] + T3l +[Jal) - (16)
where ij’-l are the Jarlskog-type CP-odd “plaquettes” [19]

JE = SmNy Ny N3 N;; (17)

2 The quadrangles M;; and D;j, when drawn in the ordering
of (13,14), are assumed to be convex. Otherwise, the quadran-
gles can be rendered convex by appropriate reordering of the
sides

3 Corresponding to 15 degrees of freedom, two quadrangles
plus two sides and the angle in between of a third quadrangle
are independent characteristics
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Fig. 1. The D-type (left panel) and M—type (right panel)
quadrangles in the complex plane, illustrated for tan( = 3,
|Mi| =100 GeV, ¢1 = 0, My = 150 GeV, |p| = 200 GeV and
@, = 7/2; ij as indicated in the figure

The plaquettes are insensitive to the «; phases. There are
nine independent plaquettes [20], for example Ji2, J&
Ji, Ji20 JE8. I3, Ji2, I3, Jas. If they all are zero, all
other plaquettes are also zero. The matrix N is CP vi-
olating, if either any one of the plaquettes is non-zero,
or, if the plaquettes all vanish, at least one of the links is
non—parallel to the real or to the imaginary axis.

Since the phases of the neutralino fields are fixed (mod-
ulo a common phase), the orientation of the neutralino
quadrangles M;; and D;; in the complex plane is physi-
cally meaningful. This is in contrast to the CKM unitar-
ity triangles which all can be rotated by rephasing the
left—chiral quark fields; in the 4—family case only three
0 (Dirac) phases would therefore be physical. It is also
in contrast to the D—type MNS unitarity triangles which
can be rotated by rephasing the left—chiral charged-lepton
fields while, on the other hand, the orientation of the M—
type triangles is fixed by the phases of the neutrino Majo-
rana fields; in the 4-family case, three o (Majorana) and
three § (Dirac) phases would be observables.

In Fig.1 two sets of three (independent) quadrangles
of each type (M2, Mas, Msy, and D1, Da3, Dsy) are
shown for illustration. The collapsing of three quadrangles
in one set (for instance My, Mss and Msy) would imply
the vanishing of all plaquettes and, consequently, the areas
of all quadrangles would be zero. However, this does not
imply the vanishing of all §-type phases (to be contrasted
to the CKM and MNS cases, where the vanishing areas
of three independent quadrangles implies the vanishing of
all Dirac phases [21]), as demonstrated explicitly in Fig. 2
for a special case. Since the orientation of both M- and
D-type quadrangles is non—trivial, CP is conserved in the
neutralino system only if all quadrangles have null areas
and if they all collapse to lines oriented along the real or
the imaginary axis.

By measuring only the amplitudes for neutralino pair
production in eTe™ collisions, the links of the quadrangles
M;; and D;; cannot be reconstructed completely. The rel-
evant interactions involving (nearly zero—mass) electron
fields are invariant under the chiral rotations,

HY — &7 [ HY — &% HY
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Fig. 2. The D-type (left panel) and M—-type (right panel)
quadrangles in the complex plane for the special case of tan § =
1 and M; = Mz = 100 GeV, and |u| = 150 GeV, &, = 7/2.
The quadrangle M3 degenerates to a point

B — % B W3 — e W3 (18)
applied to the weak eigenstates. The higgsino fields can be
redefined with different phases, leaving the Z—neutralino—
neutralino vertices unchanged, (10). On the other hand,
the electron—selectron—neutralino interaction vertices,
(11), are invariant under the redefinition of the SU(2)
and U(1) gaugino fields, W3 and B, only with an iden-
tical phase due to the non—trivial mixing of the two gaug-
ino states after electroweak gauge symmetry breaking. All
these chiral phase rotations give rise to the same neu-
tralino mass spectrum. Under the rephasing in (18), five
of the D-type quadrangles rotate in the complex plane,
while the orientation of D;2 and of all M;; quadrangles is
fixed. As a result, out of nine phases three of the J-type
phases remain ineffective, leaving only six phases which
can be determined from ete™ production processes: three
of the a-type and three of the d-type.

Thus the neutralino production processes alone do not
allow to reconstruct all the links of the quadrangles M;;
and D;;. However, if interactions involving other fermion—
sfermion—neutralino vertices of left—-handed sfermions are
taken into account, at least the M—type quadrangles M,;;
can be reconstructed in total, because the new vertices
probe different combinations of the bino and wino compo-
nents of the neutralino:

(XVrlflfL)

= V22 [T, Ny ew + (@ — TN sw | (19)
For example, N“N;-‘l and NiQN;.‘2 as well as Re(N;
N7,) can be disentangled from two electron-selectron—
neutralino and one neutrino-sneutrino—neutralino inter-
action. Exploiting subsequently the unitarity condition
M;; = 6;j, (13), and the Z}Z?)Z? interactions, the four sides
of the quadrangle M;; can be determined completely.
Since the neutralino mass matrix involves only two in-
variant phases @ and &,,, all the physical phases of N are
fully determined by these two phases in the mass matrix
as well as by the gaugino/higgsino masses and the mix-
ing parameter tan 3. In this context, the measurement of
the a and the ¢ phases and the experimental reconstruc-

S.Y. Choi et al.: Analysis of the neutralino system in supersymmetric theories

tion of the unitarity quadrangles overconstrains the neu-
tralino system and numerous consistency relations can be
exploited to scrutinize the validity of the underlying the-
ory.

2.3 Neutralino masses and mixing matrix:
Analytical solutions

Complete analytical solutions can be derived for the neu-
tralino mass eigenvalues m; = mgo >0 (i=1,...,4) and
for the mixing matrix N as functions of the SUSY param-
eters {| M|, 1, Mo, ||, P,; tan B}. While earlier analyses
in [22] were restricted to a CP-invariant neutralino sec-
tor, we extend the analysis to the more general case of
CP—violating theories. L

For this purpose switching to the basis (3, 2%, H?, HY)
by the transformation

’Ny B Cw Sw 0 0 B
A W - 0 0 W
=A== T —o | 20
Ha H1 0 0 (&%} 755 Hl
ﬁl[)) Ij[g 0 0 Sg Cﬂ Hg

is of great advantage. In this basis the mass matrix M
takes the form

M= AMAT (21)
M10%V+M25%/V (M2 7M1) SwCw O 0
_ <M2 —M1>8ch M18‘2/V+MQC%V mz 0
0 my [S23 —[iC2g
0 0 —pC28 —HS2p

where M; and p are complex—valued; sy = sin23 and
cep = cos2f3. The transformation A shifts zeros in the

diagonal of M to the non—diagonal elements of M which
simplifies the solution of the eigenvalue equation (26) con-
siderably.

The unitary matrix N diagonalizing the mass matrix
M — M giag may be decomposed into the Majorana part
M, equivalent to (5), and the D part as follows:

N =MD (22)

The two unitary transformations are connected by N =
NA. The square of the diagonal matrix Mg;qg is related

to M by the transformation
MaiagM;0, = D" MMTDT (23)

The diagonal mass matrix Mgi.g itself can be defined by
the positive diagonal elements
M iag = diag {m1, ma, m3, my} >0 (24)

choosing suitable solutions for the phases «; in the matrix
M derived from the equation

M? M giag = D*MD™? (25)
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The mass eigenvalues m? (i=1,2,3,4), not necessarily
ordered yet in the sequence of increasing values, are de-
rived from (23) rewritten as the eigenvalue equation

MM —m?]D; =0 (26)
where the eigenvectors D; = (Dil, Di27 Dig, DM) denote the
rows of the unitary matrix D. The eigenvalues m? are the
solutions of the characteristic equation

m§fam?+bmf—cmf+d20

(27)

with the invariants a, b, ¢ and d given* by the fundamental
parameters of the neutralino system in X = MM?:

a=trX

= [Mi[* + M3 +2|p|* + 2m%
1

b= = [(trX)? — trx?
S [()? — ]

= [My M3 + 2P (M + M3) + (uf? + m)*
+2m { Myl + M3y — salu
x (| My|s3y cos(®y + D) + Mach, cosP,,) }

c= % [(trX)? = 3trXtrX? + 2tr X

= { (102 + MF) + 210 203
iy s3s + 2m (1M ey + Mishy) |
—2m¥|ulszg { M|l + M3)shy cos(@1 + )
+Ms(|p)? + | Mi|?)cEy cos D, }

+m% {|M1|2c§1,v + 2| M | Mys¥yciy cos By + M3 sy, }
d = detX
= |ul* ME|IML? — 2mZ |l | My Masag
X {|M1|C%V cos @, + Masyy, cos(Pr + @M)}

+miy |l s3s{ | [2ely

+2| M| Mas¥ycy cos by + Mgsév} (28)
Using standard methods for the solution of the quartic
equation [23], the eigenvalues

2m3 = ++/z1 + /22 — /23 +a/2
2m3 = +/z1 — /72 + /73 + /2
2m3 = —/z1 + /22 + /23 + a/2
2m? = — /2 — \/z@2 — /7 + /2

4 Post festum the invariants can also be rewritten in terms
of the mass eigenstates:

2 2 2 2
a=mi+ms5+m3+mjy
2.2 22 2 2 22 2 2 2.2
b =mim3s + mims + mimj + msm3 + mami + mzmj
2 2 2 2 2 2 2.2 2 2 2 2
c = mimam3s + mimsmi + mimsmy + mamszmy

d = m2m3mim?

(29)
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can be expressed in terms of the roots of the triple resol-
vent equation,

z1 =22 —2p/3
29 =—Z4+/—322-3p—2p/3
z3=—2—1+/—322-3p—2p/3
with the abbreviations
2= i+ VPP + (- VP 2

p=-p°/9—4r/3
q

(30)

= —p* /27 +4rp/3 — ¢*/2 (31)
which are defined by the invariants
p=—3a%/84+b
q=—a*/8+ab/2 —c
r = —3a*/256 + a®b/16 — ac/4 + d (32)

When taking the square roots of the z;, the signs of two
roots are arbitrary, just reordering the eigenvalues when
signs are switched, while the sign of the third root is pre-
determined by the Vieta condition /z1./2z24/23 = q.

The elements of the mixing matrix D follow from the
eigenvector equation (26),

where

Ay =m% (MQQS%V + | M |2y
+25%, ¢, Mo| M, | cos &1 — mf)
+H(M3 sty + [MufP ey —mi)(Juf* = m3)

B; = swew [mQZ(Mlc%V + Mosy, ) (M} — M)
+mypu(My — My)sag
~(l? = m3) (M ~ M ?)]

Ci = mz | Mi sty (m? — M) + Mack, (m? — | My [*)

—pusap(Mshy + My ey — m3)]

mzCap
D; = — =220 34
|uf? = m3 (34
and the normalization condition
Ny = [1+ (B2 +|C.2)/A2 + D)2 (35)

which completes the eigensystem.

Factorizing the matrix D into six 2x2 rotations, as
defined in (7), the most compact representation for the
mixing angles 6;; and the phases d;; is given in terms of
the sines s;; = sin;;e"% by

Ay
AINE(L — [D1[?/NE) = |Gy P2

5122[
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S = Cik
BT AN /1 |Di2/N?
D*
=R
1

S923 — (AlC;Nl (1 — |D1‘2/N12)/A2 + CfDlD;/N1>
J ([N = Dy 2/N?) ~ [Cr )

x [N3(1 = |Di2/NE) = [Di 2] ?)

1/2

D;
524 = 3 N2
Nay/1—|D1? /Ny
Ny DX
834 — 273 (36)

N3[N3(1 = [D1[?/N?) — | Dof?]H/2

The phases «; in the Majorana matrix M are derived
from

e =" "Dy, D My /m;
!

k
=ﬁmw&m&+%%>

+2(BZ*/A1) (Mg — Ml) swew + M1S%/V + MQCIQ/V
+2(C} JAiymz + [(CF /Ai)? = D;?] psag

~(C /A D peas | (37)
with positively chosen eigenvalues m; > 0 in Mg;q4, and
the matrix elements given in (33). The «; can finally be
reparametrized such that a; = 0 and 0 < as34 < 7 in
general.

2.4 Compact solutions in special cases

A particularly interesting limit is approached when the su-
persymmetric mass parameters (and their splittings) are
considerably larger than the electroweak scale: M2y gy >
m?%. In this limit a compact approximate solution for the
neutralino masses and mixing angles can be derived. On
the other hand, in the special case of gaugino mass degen-
eracy M7 = My in the limit tan 3 = 1, the exact solutions
for the mass eigenvalues and the mixing matrix can be pre-
sented in a compact closed form. Though somewhat aca-
demic, this configuration will allow us to illustrate some
surprising consequences of CP—violation for the structure
of the neutralino sector in a very transparent way.

2.4.1 The mixing matrix at large SUSY scales

If the supersymmetry mass parameters, M 1272 and |p|?, and
their splittings are much larger than m%, | M o|?, |p|> >
m% and || M o] £ M m?%, the diagonalization of the
neutralino mass matrix can be expanded in the two small
(dimensionless) parameters

m2 82 m2 CQ
X;=—2W _ and Xo=—~2 W 38
RASPE AT
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The corresponding expansion in the CP—conserving case
for both charginos and neutralinos had been worked out
in [24]; we generalize this expansion by including arbitrary
phases.

In the limit of large SUSY scales the mixing matrix N
can be cast into a compact form by factorizing the matrix
in yet another form as follows:

N=MD'P (39)
where the unitary matrix D’ is isomorphic to the form
given in (7) with redefined sines and cosines due to the
presence of P. This matrix is conveniently chosen as

100 0

) vy 010 0
P:diag{e5¢1,176543“79545“} 0oL — L (40)

v

007

Retaining the leading order in X; and Xs, the neu-
tralino mass eigenvalues (not ordered yet sequentially with
increasing mass) are given as

my = | M| + X1 [|M1| + || cos 2n cos(P1 —1—@#)}

me = |Ms| + X5 [|M2| + || cos QUCOSQH]

ms = |u| — [(Xl + Xo) || + X1 | M| cos(®y + B,,)
+X2|M2|cosd5#}

ma =l = 52 [(X1 + Xa)lpl = X1 My cos(@; + )

—Xo|Ms| cos @u} (41)

where ¢, = (cs + s3)/V2 and s, = (cg — sg)/V2. The
unitary matrix D’ is approximately represented by

C13C14 Slp Si3 Sia
! * *
—S8 12 C23C24 So3 Soq
D' = . (42)
—S813 —S23 C13C23 S3y
/
—S814 TS24 —S5 34 C14C24
with the definition of s;; and ¢;; as given in (9), and
!/ * *
§'12 = S12 + S13S93 + 5148594,
/ * *
S'34 = S34 + 513514 + S93524 (43)

In this approximation, the rotation angles and the phases
in D’ can be written as

s12 = +(m wsw [|My] (1Mal2 22 + [Mi]2125)
1l cos 2 (IMa 2122 + [Ma |25 23)] )
S (UM = MY = 1))

myz Sw C %
T ([Malz] + |plz1)

SI3= "1 -5 T3
| My |? — |l
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s14 = —ﬁ (|0 |25 = |plz)
523 = +|Mmz|iv_vw (|Mal25 + |ulz2)
S04 = +|M’”|ivfw (|Mz|25 — |ulz2)
S34 = m32|;||ultan77 — zmz%m

X [X1| M| sin(Py + @,,) + Xo|Ms|sin®,] (44)
where for the sake of notation the parameters

2y =e F@HP) ang g — e 3% (45)

have been introduced. On the other hand, the phases «;
in M,

X .
oy = —% sin(®1 + @) cos 2n

X
g = —%’lj sin ®,, cos 2n

- 2X1|M1|sin(sl51 +¢;L)+X2|M2\sin§l5u
043—67, 2m3
X |Mq|sin(P, + @ Xo|Ms|sin @
a4:g—s727 1| M| sin( 1+2#)+ o|Ms|sin®,, (46)
my

are expressed in terms of the invariant phases ¢; and ®,,.

Addendum: Charginos

The same approximation can be applied to the chargino
system. The mass matrix [1]

Mg ﬁmw Cp >
(47)

Mce = .
V2my sg || etr
is diagonalized by two different unitary matrices U M

Uz = diag{mi, mF} parameterized in general by two ro-
tation angles and four phases:

Uy = < “ sL) and
—5. ¢
Ug = diag{ e, 2} ( ‘r SR) (48)
—Sr Cr
where ¢, , = cos$, , and s, , =sin¢, , e'°%%. The ex-

act solutions were given in [15]. In the limit of MZ, |u|? >
m% and |Ms % |u||? > m%, the following expressions

mE = My 4 Xo [ My + || 595 cos @]

my = |u| — X[ || + Mz s25cos ®,,] (49)

are found for the chargino masses and

V2mw
o — _VZmw

= (Mz ¢ + i 59)
CME—fup RO

569
Y = —|—X2M S935ind
M, ”
2mW ( + M )
s, = ue s
®ME e TR
M. .
Yo = —XQWT sopsin @, (50)

for the mixing angles and phases.

2.4.2 The case M1 = M5 in the limit tan =1

When the two soft-breaking SU(2) and U(1l) gaugino
masses are equal, |Mi| = My = M,®; = 0, and tan
is unity, the electroweak gauge symmetry guarantees the
existence of two physical neutral states which do not mix
with the other states and which have mass eigenvalues
identical to the moduli M and |u|. As a result, only one
gaugino state and one higgsino state mix with each other
so that a complete analytic expressions can be derived for
the mass spectrum and the mixing matrix. For the sake
of convenience, the following notation is introduced:

A=M/mgz, v=|pul/mz,
A={(N=v*?+4(\ + 1 + 2\ cos d%)}l/2

cosf — 4| AT A+
97

Gng— JATX =2
97

2(v + \) o
AZ — (12— \2)2 2
2(v — A) . D,

S ——

A2 — (VQ _ )\2)2 2

cosd =

sind =

(51)

With this notation, the neutralino masses m; are given by

A2 2+2-A
m1:M mgz\/—i_y;—mz

AN 4+1v2 424 A
mg = |p my=\l————5 Mz

(52)

and the unitary mixing matrix N = MD’P, as defined in
(39), is obtained from the matrix D’

1 0 0 0
0 cosf —sinfe®

D' = ) 53
Osinfe ® cosf 0 (53)
0 0 0 1

and the phase matrix M with

oy =0 0 — Arg {1_ v(A—v?+ A )6—215}

AMA+v2 = )?2)
MA =2+ 2% o

AT ° ] (54)

Oé4=g angrg[l—
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Fig. 3. Mechanisms contributing to the production of diag-
onal and non-diagonal neutralino pairs in e™e™ annihilation,

ete” = XX (1,7=1,2,3,4)

From the explicit form of the mixing matrix N it is
apparent that all unitarity quadrangles collapse to lines as
shown in Fig. 2. However, since the phases §, and as and
as are in general non—vanishing, not all lines are parallel to
the real or imaginary axes, a characteristic feature which
signals CP—violation. Only in the CP—conserving case, i.e.
for @,, = 0 in this particular example, the phases ¢ vanish
(modulo 7) and «; vanish (modulo 7/2) and all collapsed
quadrangles are oriented along the real or the imaginary
axis.

3 Neutralino production in ete~ collisions

The production processes

et

e = XX) (i, =1,2,3,4) (55)
are generated by the five mechanisms shown in Fig. 3:
s-channel Z exchange, and ¢- and wu-channel er g ex-
changes®. The transition matrix element, after an appro-
priate Fierz transformation of the €, r exchange ampli-

tudes,

62
T (ete” = WXy = 5 Qap [0(e")yuPau(e”)] x
[a(X{)7" Psv(X3)]

can be expressed in terms of four generalized bilinear
charges (Qo3. They correspond to independent helicity am-
plitudes [25] which describe the neutralino production pro-
cesses for polarized electrons/positrons (the lepton mass
neglected). They are defined by the lepton and neutralino
currents and the propagators of the exchanged (s)particles
as follows:

(56)

Qrr = +—5— Zij + Dirgrij
QLr=—7% 5

QrR = —T3 Zij — DuRQEij (57)
W

5 For the reader’s convenience, we report some technical ma-
terial in chapter 3.1 in parallel to [14,15,11] so that the pre-
sentation becomes self-contained
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The first index in Q,p refers to the chirality of the e*
current, the second index to the chirality of the ¥° current.
The first term in each bilinear charge is generated by Z-
exchange and the second term by selectron exchange; Dz,
Dyr g and D, g denote the s—channel Z propagator and
the t— and u—channel left /right—type selectron propagators

s
D =
Z7 5= m% +imzlz
s
Ditp= —5— and t—u (58)
t— mg, .

Wlth s = (pe* +]7e+)2a t= (pe* 7p)2,?)2 and U = (pe* -
pX())Q. The matrices Z;j, gr;; and gr;; are products of the
J
neutralino diagonalization matrix elements Nj;
Zii = (NigNj’-‘S - Ni4Nj’-k4)/2
9Lij = (Nigew + Nilsw)(N;QCW + N;lsw)/éls%[,c%,v
NG/ (59)

They satisfy the hermiticity relations reflecting the CP
relations

9Rij =

Zij =25 grij = 9rji 9Rij = GRji (60)
so that, if the Z-boson width 'z is neglected in the Z—
boson propagator Dz, the bilinear charges Q) also satisfy
similar relations with ¢ and u interchanged in the propaga-
tors. These relations are very useful in classifying CP—even

and CP-odd observables in the following sections.

3.1 Production cross sections

Since the gaugino and higgsino interactions depend on
the chirality of the states, polarized electron and positron
beams are useful tools to diagnose the wave-functions of
the neutralinos. The electron and positron polarization
vectors are defined in the reference frame in which the
electron—momentum direction defines the z—axis and the
electron transverse polarization—vector the x—axis. The az-
imuthal angle of the transverse polarization—vector of the
positron with respect to the x—axis is called 7. The polar-
ized differential cross section for the )Z?)Z? production is
given in terms of the electron P=(Pr,0, Pr) and positron
P=(Pr cosn, Prsinn, —Pr) polarization vectors by

d—“{"}f‘iAl/?[(uPP)E +(PL—P)E
dQZ]_1687 LPr) 2y L —Pr)dr
+PTPT COS(QQZ5 — ’I’]) ZT

+PTPT sin(?(ﬁ - 77) ZN (61)
with the coefficients Xy, X1, X and X'y depending only
on the polar angle © of the produced neutralinos, but
not on the azimuthal angle ¢ any more; A = [1 — (u; +
15)?][1 = (i — p;)?] is the two-body phase space function
with i; = mgo/y/s. The coefficients Xy, X'p, Y and Xy
are written in terms of the quartic charges:
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Table 1. The independent quartic charges of the neutralino
system

P CP Quartic charges

1 [1QrrI? +1QLLl” + |QrLl® + |QLr|?]
3Re [QrrQRL + QLLQLR]

even Q1 =

Q2=

even

Qs = 2 [|Qrr|” +|1Qrrl® — |QrLl® — |QLr|?]
Qs = 3Re[QLrQRrr + QrrQreL]
odd Qs = 3Sm[QrrQR. + QrrQlr]
odd even Qi =1[Qrr]>+|Qre]>—|QLr>—|QLL|’]
Q5 = 3Re[QrrQ7L — QrrQLr]
@ = § [|Qrrl* +1Qrrl* — |Qrel* — 1QrLl’]
odd Q6= iOm[QrrQLr — QLLQRL]
Ty = 4{ [1 = (uF = 1) + Acos> 0] Qs
+Api Qo + 2X1/2Q3 cos 9}
Y = 4{ [1—(u? - u?)g + Acos® 0] Q)
HpiptQ + 202 Q cos 6}
Yr =4\ Qs5sin? 6
Yy = 4\Qfsin* O (62)

Expressed in terms of bilinear charges, the quartic charges
are collected in Table 1, including the transformation
properties under P and CP.

The quartic charges Q4{ij} and Qg{ij}, which are
non—vanishing only for ¢ # j and for CP—violating the-
ories, can be expressed in terms of the elements of the
mixing matrix N. Taking the Z-boson propagator real by
neglecting the width in the limit of high energies, the quar-
tic charge Qg{ij} is given by

Qslij} = 2 Z [Saz(DtL — Dur) Sm(Zi597,;)
257y Cly
— (sitv = 3) (Dtr — Dur) %m(zijgfuj)]
1
+5 (DerDur = DirDur) Sm(gLijgri;)  (63)

The combinations of the couplings, Sm(Z;;97,;), Sm(Z;;
9ri;) and Sm(grijgr,;), are functions of the plaquettes:

1
QC%V
_C\\’m(NMNJZNﬁle)]

Sm(Zij9p;) = {%m(NistgNile)

1 A
W I:Sm(NZBNj?)N/iZN/jQ)
w

gm(ZugEij) = 2.2
w
—%m(NzAN;le/:lejZ)}

m(9LijIRij) = 72 Sm(N'igNj5 N Nj1) (64)
wsw

where Nill = cw N1 — swN;2 and Ni/2 = swN;1 + cw Nio.
The quartic charge Q4{:j} will be discussed in Sect. 3.3.
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The expression (64) reveals the following features: (i)
The charge Qg{ij} vanishes for ¢ = j. (ii) Non—zero val-
ues of Sm(Z;;gk,;;) and Sm(Z;;97,;) require the existence
of non-vanishing gaugino and higgsino components in x9
and )Z?; moreover, the ﬁ? and I~{§ higgsino components
have to be different in magnitude, which in turn requires
tan 8 # 1. (iii) For the transverse beam polarization and
i # j, the angular distribution (61) is forward-backward
asymmetric, because the angular dependence of X' is de-
termined by the forward-backward asymmetric factors,
Dip g — Dyr,r and Dy Dyg — Dir Do r.

If the neutralino production angle could be measured
unambiguously on an event—by—event basis, the quartic
charges could be extracted directly from the angular de-
pendence of the cross section at a fixed c.m. energy. How-
ever, since the lightest neutralino escapes undetected and
the heavier neutralinos decay into the invisible lightest
neutralinos as well as SM fermion pairs, the production
angle cannot be determined unambiguously for non-
asymptotic energies. As a counting experiment, the in-
tegrated polarization—dependent total cross sections can
be determined unambiguously:

O'R—Szj/dgi PL——PL—+1]

UL:Sij /de?[PL:—PL:—].] (65)

where S;; is a statistical factor: 1 for ¢ # j and 1/2 for ¢ =
7. Twenty independent physical observables can be con-
structed at a given c.m. energy through neutralino—pair
production with polarized electron and positron beams;
two for each mode {ij}. The generalization of (65) for
partially polarized beams is straightforward.

3.2 Threshold behavior of neutralino production

Near the threshold of each non—diagonal neutralino pair,
the total cross section o{ij} (i # j) is approximately given
by

7.‘_042 )\1/2

ofij} ~ (m - ;)2 { (n:lf?:zy |%mgg)|2
H {(njni:z)z 3m G Sm Gy
+<W _ ;’) GO
+%Fé Re gri;|* — 2|Sm Ggg)|2
P Re (G g;am}

+[GR0 = GV, Dy Dolsky — 1/2)/5%,

9Rij = —YLij, Mep — méL} } (66)
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tanp=10, |M,/=100.5 GeV, M=190.8 GeV, |i|=365.1 GeV
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Fig. 4. The threshold behavior of the neutralino production
cross—section o{12}; the shift of the energy threshold is due to
the dependence of the neutralino masses on the phases

where
1
GV = 5 Do Zij — Foa grij (67)
Cw

with the kinematical functions

Do = (m; +m;)?/((mi +m;)* —m3)

Dy = —mZ(m; +m;)* fmim;((m; +m;)? — m%)?
Fo = (m; +mj)?/(mZ, +mim;)
Fy = (mi+my)* (2m, —mi —m3)
/2mim;(mZ, +mim;)? + F§ /3 (68)

In the CP—invariant theory, the imaginary parts of the
couplings Z;;, gr;; and gr;; can only be generated by Ma-
jorana phases o; = 0 and «; = 7/2 or vice versa. There-
fore the S—wave excitation giving rise to a steep rise ~ \'/2
of the cross section for the nondiagonal pairs® near thresh-
old, signals opposite CP—parities of the produced neutrali-
nos [4]. Obviously not all nondiagonal pairs of neutralinos
can be produced in S—wave in the CP—invariant theory at
the same time; if the {ij} and {ik} pairs have negative
CP-parities, the pair {jk} have positive CP—parity and
will be excited in a P—wave characterized by the slow rise
~ A3/2 of the cross section.

It is important to realize that CP—violation may allow
S—-wave excitations in all non—-diagonal pairs. In particu-
lar, observing the {ij}, {ik} and {jk} pairs to be excited
all in S—wave states would therefore signal CP—violation.
In Fig. 4 the impact of non-zero CP phases $; and &, on
the threshold behavior of o{12} is shown. For vanishing
phases the Y and X9 fields have the same CP-parities
and thus the production cross section rises as A%/2. Evi-
dently the CP-violating phases have a strong impact on

% For diagonal pairs the couplings Z;;, gri; and grs; are real

the energy dependence of the cross section, as anticipated
in (66). Thus, the steep rise of cross sections for non—
diagonal pairs can be interpreted as a first direct signature
of the presence of CP—violation in the neutralino sector.

3.3 Neutralino polarization vector

If the initial beams are not polarized, the chiral structure
of the neutralinos could be inferred from the polarization
of the x7x} pairs produced in ee™ annihilation.

The polarization vector P = (P, Pr, Pn) is defined
in the rest frame of the particle Y?, with components par-
allel to the ¥ flight direction in the c.m. frame, in the
production plane, and normal to the production plane,
respectively. They are expressed in terms of the quartic
charges as follows

Pr, = 4{2(1 —pi — p3) cos © Q + Apip; cos © Qf
FAVAL 4+ cos? € — (uf — 1)) Q4 b/ Zu
Pr = —8sin 0 [(1 = 2 + 12) Q1 + N2 @ cos O]

(1 + pf = 1)y Q’z}/Z‘U
Pn = 8\Y2u; sinO@ Qu/ Xy (69)

with the normalization Xy as defined in (62).

The normal component Py can only be generated by
complex production amplitudes. Neglecting the Z—boson
width, the normal y? polarization in eTe™ — X%V is
zero since the Zy,;x; vertices and the selectron—exchange
amplitudes are real even for non-zero phases in the neu-
tralino mass matrix. Only for nondiagonal X{x{ pairs with
1 # j the amplitudes can be complex giving rise to a non—
zero CP—violating normal neutralino polarization Py de-
termined by the quartic charge

Qulij} =

D% (3~ 1) sm(22)

2s%Chy Wi *

+DuRDtRC5m(g}2%ij) - DuLDtLC\\Sm(g%ij)
Dy

[ (Dir + Dur)Sm(Z31m5)
S CW

W
+ (s = 1) (Dur + Dur)Sm(Zis9135)] (70)

Since s2, = sin” Oy is close to %7 the Z—exchange contri-
bution to the quartic charge Q4{ij} is suppressed. Nev-
ertheless, unless selectrons are very heavy and CP is con-
served, the normal polarization of the neutralino will pro-
vide a crucial diagnostic probe of CP—violation in the neu-
tralino sector. Furthermore, the normal polarization sig-
nals the existence of non—trivial a-type CP phases so that
it can be non—zero even if all the J-type CP phases vanish,
i.e. if all the quadrangles of the neutralino mixing matrix
collapse to lines with at least one line off the real and

imaginary axes.
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4 Extracting the fundamental
SUSY parameters

The fundamental SUSY parameters can be extracted from
the gaugino-higgsino sector at an ete™ linear collider with
energy /s = 500 to 800 GeV.

The numerical analyses presented below have been
worked out for one parameter point” in the CP-invariant
case and two related parameter points in the CP—non-
invariant case:

RP1 : (tan 3, | M|, Mo, |p|, @1, 9P,) (71)
= (10, 100.5 GeV, 190.8 GeV, 365.1 GeV, 0, 0)
RP1" : (tan,|M|, Ma, |u|, §1,9,)

= (10, 100.5 GeV, 190.8 GeV, 365.1 GeV, g o)
RP1”: (tan 3, |Mil, Ma, |u|, ®1,9,)
T

— (10, 100.5 GeV, 190.8 GeV, 365.1 GeV, g Z)

The induced neutralino ¥ masses read as follows

= 97.6/98.2/99.1 GeV

X9
myg = 176.2/176.0/177.0 GeV
Mg = 371.4/371.7/372.0 GeV
3

myo = 388.9/388.5/387.5 GeV (72)

for the three points RP1/1’/1”, respectively, and the se-
lectron €7, g masses are taken as

me, = 208.7GeV me, = 144.1GeV  (73)

for all three points. Although the first point RP1 has
been defined for an intermediate tan (8 solution of uni-
versal gaugino and scalar masses at the GUT scale, we
decouple our strictly low—energy phenomenological anal-
ysis from the origin and use the parameters in (71) as
input for the neutralino spectra and couplings in general.
For the RP1’ point, only the phase of M is non-zero while
the chargino sector is CP—conserving, as suggested by the
EDM constraints [3]. Finally, in RP1” both M; and p have
large phases. This point is taken just for illustrative pur-
pose.

The masses of the selectrons are assumed to be known
from threshold scans in pair production [27] or, if €, is not
accessible in direct production but only &, by means of the
SUSY relation m2, —mZ = —mjj,cop fulfilled exactly at
tree level. Complementary tests can be made by study-
ing forward—backward asymmetries of the decay leptons
of neutralinos [9].

4.1 Light chargino and neutralino system

At the beginning of future ete™ linear—collider operations,
the energy may only be sufficient to reach the threshold

" This point corresponds to one of the mSUGRA points cho-
sen as reference points at the Snowmass Workshop 2001 after
combining “Les Points d’Aix” with part of the CERN points
[26]
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of the light chargino pair )ZIL X7 and of the neutralino pair
X9x5 8. From the analysis of this restricted system, the
entire structure of the gaugino/higgsino sector can be un-
raveled in CP—invariant theories on which we focus first
for the sake of simplicity. As shown in [15], the chargino
sector can be reconstructed up to at most a two—fold dis-
crete ambiguity. On the other hand, if the analyses of the
chargino and the neutralino systems are combined, ten
physical observables can be measured: three masses and
seven polarized cross sections, among which two masses
and four cross sections are accessible in the neutralino
system.

By analyzing the {11} mode in 0%{11} and O‘Ii%{ll},
the chargino mixing angles cos2¢y and cos2¢r can be
determined up to at most a four—fold ambiguity if the
sneutrino mass is known and the SUSY Yukawa coupling
is identified with the gauge coupling. The ambiguity can
be resolved [15] by measuring? the transverse cross—section
0£{11}. On the other hand, initial beam polarization in
the process ete™ — x{ X9 allows us to measure the two
independent additional observables or{12} and or{12}
in the neutralino system. Moreover, the light neutralino
masses can be measured with high precision.

For illustration, we assume that at the c.m. energy
E¢, = 500 GeV the light chargino mass and the polarized
cross sections of the light chargino pair are measured with
good precision to be mg+ = 175.6 GeV and Uf/R{ll} =

341.1fb/0.53 fb and the sneutrino mass my = 192.8 GeV,
corresponding to RP1.

The two ellipses in Fig.5 for the measured polarized
cross sections 0’%’ r{11}, as functions of cos2¢; and

cos 2¢ R, cross at two points:

{cos2¢,, cos2¢,}

= {0.699, 0.906} and {0.862, 0.720}  (74)

Following the analysis described in [15], the cosines of the
two mixing angles in (74) and the light chargino mass
mg+ = 175.6 GeV are sufficient to solve for the funda-

(1
mental parameters {tan 3, My, u}:

P1 : {0.699, 0.906}
= {tan =

P2 : {0.862, 0.720}

= {tan 8 = 0.35; M = 197.9GeV, j = 387.7 GeV}

(75)

10; My = 190.8 GeV, 1 = 365.1 GeV'}

The ambiguity can be resolved in several ways: internally
within the chargino sector by measuring the transverse

8 The lightest neutralino—pair production is difficult to re-
construct experimentally but photon tagging in the reaction
ete™ — yxI%? [28] provides a possible method

% The measurement of the transverse cross section involves
the azimuthal production angle @ of the charginos. At very
high energies their angle coincides with the azimuthal angle of
the chargino decay products. With decreasing energy, however,
the angles differ and the measurement of the transverse cross
section is diluted
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Fig. 5. Contours of the chargino production cross—sections

o {11} = 341.1 fb and o5 {11} = 0.53 fb for the light chargino
mass m.. <t = = 175.6 GeV and the sneutrino mass ms; = 192.8
GeV (the set RP1) in the plane of {cos2¢r, cos2¢pr} at the
ete”™ c.m. energy of 500 GeV ; the two crossing points in the
upper right corner are {0.6997 0.906} and {0.862, 0.720}, re-

spectively

cross—section U%{ll}; externally by confronting the ensu-
ing Higgs boson mass myo with the experimental value.
However, the ambiguity can also be resolved by analyzing
the ¥V XY system for left and right polarized beams; at
the same time the U(1) gaugino mass parameter can be
determined unambiguously.

We assume the measured light neutralino and selectron
masses to be those in (72) and (73) and the measured po-
larized cross sections or r{12} to be 233.4 fb /22.1 fb,
respectively, as predicted in RP1. The expected values of
mgo, myy, 01{12} and op{12} for the two possible so-
lutions of (75) can be calculated as functions of M; and
compared with measured values. In Fig.6 the ratios of
the theoretically predicted values myo, mgg, o {12} and

or{12} for a given value of the mass parameter M are
displayed with respect to their measured values:

Ratio = m;{é (Ml)/m%)eas and O_th(Ml)/O_meas (76)
In the left panel the curves all meet in exactly one point

proving that

PL: M =100.5GeV (77)

is the correct solution. Additional consistency checks can
be provided by measuring the production cross sections
or{12}, if transversely polarized electron and positron
beams are available.

4.2 The supersymmetric Yukawa couplings

The identity of the SUSY Yukawa couplings g, and g,
with the SU(2) and U(1) gauge couplings g and ¢’, which

S.Y. Choi et al.: Analysis of the neutralino system in supersymmetric theories

is of fundamental importance in supersymmetric theo-
ries, can be tested very accurately in neutralino pair—
production. This analysis is one of the final targets of LC
experiments which should provide a complete picture of
the electroweak gaugino sector with resolution at least at
the per-cent level.

We assume here that the SU(2) gaugino/higgsino pa-
rameters in the CP-invariant theory have been pre—
determined in the chargino sector and the U(1) parame-
ter M has been extracted from the neutralino mass spec-
trum. The equality between the Yukawa and the gauge
couplings can be tested precisely by making use of elec-
tron (and positron) beam polarization. Varying the left—
handed and right-handed Yukawa couplings leads to a
significant change in the corresponding left-handed and
right—handed production cross sections. Combining the
measurements of oz and o, for the process et e™ — ¥ ¥9
process, the Yukawa couplings g and g, can be deter-
mined to quite a high precision as demonstrated in Fig. 7.
The 1o statistical errors have been derived for an inte-
grated luminosity of [£dt = 100 and 500 fb~! and for
partially polarized beams. ~

Combined with the measurement of the Wer Yukawa
coupling, including the analysis of angular distributions,
in the chargino sector, it is possible to check the crucial
SUSY relation between the gauge couplings and the su-
persymmetric Yukawa couplings in a comprehensive way.

4.3 The complete MSSM neutralino system

The measurements of the chargino—pair production pro-
cesses ete™ — Y X, (i,j=1,2) carried out with polarized
beams can be used fz)r a complete determination of the ba-
sic SUSY parameters { My, |u|, ¢, ;tan 3} in the chargino
sector with high precision™. In this section, it will be
demonstrated analytically in the general CP—noninvariant
theory that the real and imaginary parts of the U(1) gaug-
ino mass M; can be determined subsequently from the
measurements of (i) either three neutralino masses or/and
(ii) from the masses of two light neutralinos and one
neutralino—pair production cross section such as o{12}.
Each of the four invariants a, b, ¢, d of the matrix
MM, defined in (28), is a second-order polynomial of
ReM; = | M| cos @1 and S|mM; = |M;]| sin ;. Therefore,
each of the characteristic equations in the set (27) for the
neutralino mass squared can be cast into the form

(?ReMl)Q + (%mM1)2 + u;ReM; + v;SmM; = w;

(1=1,2,3,4) (78)
The coefficients u;, vZ and w; are functions of the param-
eters tan 8, Ma, |u|, @ " pre—determined in the chargino
sector, and the mass mXO, the coefficient v; is necessarily

proportional to sin®, because physical masses are CP—
even. For each neutralino mass, (78) defines a circle in the

10 The sine of the phase @, can be determined by measuring
the sign of observables associated with the normal )2%2 polar-
izations [15]
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Fig. 6. Ratios of mgo, My, or{12}
and or{12} with respect to their
measured values plotted as func-
tions of M; for two possible solu-
tions P1 (left) and P2 (right) de-
rived from the chargino sector. The
left panel gives a unique value M; =
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Fig. 7. Contours of the cross sections o7,{12} and or{12} in
the plane of the Yukawa couplings 9y, and g, normalized to the
SU(2) and U(1) gauge couplings g and ¢’ {Yz = gy/9, Yr =
g5/9" } for the set RP1 at the e™e™ c.m. energy of 500 GeV; the
contours correspond to the integrated luminosities 100 and 500
fb~! and the longitudinal polarization of electron and positron
beams of 90% and 60%, respectively

{ReM;,3mM;} plane. As a result, the measurement of
three neutralino masses leads to an unambiguous determi-
nation of the modulus and the phase of Mj, cf. Figure 8a.
With only two light neutralino masses, the two—fold am-
biguity can be resolved by exploiting the measured cross
section {12}, as shown in Fig. 8b. However, if the phase
sin @,, vanishes, there remains a two—fold discrete sign am-
biguity in SmM;, as demonstrated in Fig.9.

5 Closure of the neutralino system
Since the reconstruction of the mass and mixing parame-

ters is easy if all four neutralino states are detected, strin-
gent tests of the four—state closure can be designed. Mod-

25
M, [GeV]

100.5 GeV for the U(1l) gaugino
mass resolving the P1-P2 ambigu-

ity

75 125

els with additional chiral or vector superfields, for exam-
ple, give rise to extensions of the neutralino sector in gen-
eral.

The four—state mixing of neutralinos in the minimal
supersymmetric extension of the Standard Model induces
sum rules for the neutralino couplings. They can be for-
mulated in terms of the squares of the bilinear charges, i.e.
the factorized elements of the quartic charges. This follows
from the unitarity of the diagonalization matrices. If all
possible neutralino states are summed up, the following
general sum rules can be derived at tree level:

! 1
> ZZh=

! 1
E 9Lij91ii = 11
7 160?/1/5?4/

i,j=1 1,5=1
4 4 1
Z Zij91:; =0 Z ILijIRi; = ol
i,j=1 i,j=1 w
4 4 1
Z Zij9Ri; =0 Z 9Rij9IRi; = a (79)
i,j=1 1,5=1 w

The right—-hand side of the sum rules is independent of
the parameters in the neutralino system and it is given
solely by the gauge group. Therefore, evaluating these sum
rules experimentally, it can be tested whether the four—
neutralino system {x9, %9, X3, X1} forms a closed system,
or whether additional states at high mass scales mix in,
signaling the existence of an extended gaugino system.

The validity of the sum rules is reflected in both the
quartic charges and the production cross sections. How-
ever, due to mass effects and the ¢— and u—channel se-
lectron exchanges, it is not straightforward to derive the
sum rules for the quartic charges and the production cross
sections in practice. Asymptotically at high energies, how-
ever, the sum rules in (79) can be transformed directly
into sum rules for the associated cross sections:

4

lim s
S— 00

2
.. uye’
U{m} = A8 ¢4 g4 [648%/1/ - 88%/[/ + 5] (80)

The approach to the asymptotic form of the sum rules de-
pends on the mass parameters of the theory. (The mixing
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parameters, weighted by the physical neutralino masses,
can be summed up to polynomials of the gaugino and hig-
gsino mass parameters, as demonstrated in the appendix.)

In Fig. 10 the exact values for the summed-up cross
sections normalized to the asymptotic value are shown for
the reference point RP1. The final state Y)x! is invisible
in R-parity invariant theories, and its detection is difficult.
Nevertheless, it can be studied directly by photon tagging
in the final state v} X!, which can be observed at the LC.
Indirectly the Y)%? cross section can be predicted by ex-
tracting, hypothetically, the MSSM parameters from the
observed cross sections. The subsequent failure of saturat-
ing the sum rules would then be sufficient to conclude that
the neutralino system of the MSSM is not closed indeed
and additional states mix in.

More specifically, extended SUSY models with n SU(2)
doublet'! and m SU(2) singlet chiral superfields may be
considered in general. In these extended models, diago-
nalization of the mass matrix leads to (2 + 2n + m) neu-
tralino mass eigenstates. The fermion (higgsino) compo-
nents of the chiral fields do not modify the structure of
the Yeé 1,r vertices. While the higgsino singlets do not
change the structure of the Z—neutralino—neutralino ver-
tices, the neutral component of each additional higgsino
doublet with hypercharge +1/2 couples to the Z boson
exactly in the same way as ﬁ?ﬂ' So, the Z-neutralino-
neutralino couplings are modified to read

(Xir 121%55) (81)

11 An even number of doublets is needed to cancel the chiral
anomaly properly

—100—-50 O 50

plane for the CP-violating case RP1’:
{tanf = 10, M2 = 190.8GeV,pu =
365.1GeV, sin®, = 0}

100
Re(M,) [GeV]
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Fig. 10. The energy dependence of the sum of all the
neutralino—pair production cross sections normalized to the
asymptotic form of the summed up cross section; the solid line
represents the exact sum in the MSSM; the dashed line the
sum of the cross sections for the first four neutralino states in
a specific parameter set of the (M+1)SSM

B QCW Zl[ z(1+2a)N (142a) — Ni(2+2a)N(2+2a)}
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| M| ei® 0
0 Mo
Mpms1yssm = | —mzcgsw mzgcgew
MmzSgsw —mMzSaCw
0 0

The sum rule, following from the unitarity of the (2+2n+
m) x (2 + 2n + m) mixing matrix, for the pair-production
cross sections of all states is extended to

242n+m 7TO(2
lim s olif} = g [2(8sly — 45k + 1)
S$—00 ; 48 C%/VS%V

485k, + 3} (82)
The right-hand side of (82) is independent of the number
m of higgsino singlets and it reduces to the sum rule in
the MSSM for n = 1.

A typical example is provided by the extended (M+1)
SSM scenario which incorporates an additional gauge sin-
glet superfield [29], but does not change the structure of
the charged sector. The superpotential of the (M+1)SSM
is given by

W(M+1)SSM = WY+)\SH1H2+%I€S3 (83)
where Wy accounts for the lepton and quark Yukawa in-
teractions. In this model, an effective 4 = As term is gen-
erated when the scalar component of the singlet S acquires
a vacuum expectation value s = (S). The fermion com-
ponent of the singlet superfield (singlino) will mix with
neutral gauginos and higgsinos after electroweak gauge
symmetry breaking, changing the neutralino mass ma-
trix to the 5x5 form (see (84) on top of the page) where
|My| e’ = v and |M,|e'*~ = ks.

In some regions of the parameter space [30] the singlino
may be the lightest supersymmetric particle, weakly mix-
ing with other states. Then displaced vertices in the
(M+1)SSM may be generated, which would signal the ex-
tension of the minimal model. If the spectrum of the four
lighter neutralinos in the extended model is similar to the
spectrum in the MSSM but the mixing is substantial, dis-
criminating the models by analyzing the mass spectrum
becomes very difficult. Studying in this case the summed-
up cross sections of the four light neutralinos may then be
a crucial method to reveal the structure of the neutralino
system.

In Fig. 10 the exact sum rules are also included for a
possible scenario of the (M+1)SSM; the parameters M; =
1000 GeV, My = 169 GeV, p = —263 GeV, tanf = 10
and My = 263 GeV, M, = —59 GeV, give rise to one
very heavy neutralino with myo ~ 1000 GeV, and to four
lighter neutralinos with masses within 2-5 GeV equal to
the neutralino masses for the RP1 point of the MSSM. Due
to the incompleteness of these states below the thresholds

577
—MzCaSw mzSgsw 0
mzcglwy —mzSgew 0
0 —lple e —|My|sp et (84)
|| i 0 —[Mylege™
—|My| sg e —|My|cgel®>  2|M,|ei®x

for producing the heavy neutralino, the (M+1)SSM value
differs significantly from the corresponding sum rule of the
MSSM. Therefore, even if the extended neutralino states
are very heavy, the study of sum rules can shed light on
the underlying structure of the supersymmetric model.

Addendum: Charginos
Asymptotically at high energies the sum rule

2 2

T
li iy = ——— [8sk, —8sZ, +5] (84
Y D oMY = oy oty =85k +0] (84

for the summed-up chargino cross sections [15] can be de-
rived in the same way. In analogy to the neutralino system,
the approach to asymptotia depends on the gaugino and
higgsino parameters, cf. appendix.

6 Conclusions

In the first part of this analysis we have derived the mass
eigenvalues and the mixing matrix of the MSSM neu-
tralino system including CP violation. The problem has
been solved analytically, and a compact representation
has been found in the limit of large SUSY gaugino and
higgsino mass parameters compared to the scale of elec-
troweak symmetry breaking. Unitarity quadrangles have
been introduced, distinctly different from CKM and MNS
polygons due to the Majorana nature of the neutralinos.
They illustrate nicely the specific realization of CP viola-
tion through the two distinct sets of phases in the system.
In this way the solution of the MSSM neutralino system
has been advanced to a level analogous to the chargino
system.

If the chargino system is solved for the SU(2) param-
eters { Moy, |u|,®,; tan 3}, the neutralino mass spectrum
is sufficient to extract the U(1) gaugino mass parameter
{|M1],®1}. Three (light) neutralino masses mgs or/and

two light neutralino masses mgo supplemented by the

production cross section o{12} for the neutralino pair
Xix9, allow us to extract {|M;|,®1} unambiguously, and
with a two—fold ambiguity for the sign of sin®; if sin®,
vanishes. This discrete ambiguity can be solved by mea-
suring the normal neutralino polarization and/or the cross
section oy with initial transverse beam polarization. All
fundamental SU(2)xU(1) gaugino and higgsino parame-

ters can therefore be derived analytically in the combined
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chargino @ neutralino system from measured mass and
mixing parameters.

Sum rules for the production cross sections can be
used at high energies to probe whether the four—state neu-
tralino system is closed or whether additional states mix
in from potentially very high scales.

To summarize. The measurement of the processes eTe™ —
)Z?)Z? (1,7=1,2,3,4), carried out with polarized beams and
combined with the analysis of the chargino system ete™ —
)2;"92]_ (i,j=1,2), can be used to perform a complete and
precise analysis of the basic SUSY parameters in the gaug-
ino/higgsino sector {M;y, Ms, p;tan 3}. The chargino/
neutralino system of the MSSM at tree level is therefore
under analytical control in toto.

Since the analysis can be performed with high preci-
sion, this set provides a solid platform for extrapolations
to scales eventually near the Planck scale where the fun-
damental supersymmetric theory may be defined.
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Appendix

A Sum Rules: Approach to Asymptotia

While the sum rules in the asymptotic limit do not de-
pend on any supersymmetry parameters of the gaugino/
higgsino sector but only on the gauge group, the approach
to asymptotia involves the neutralino and chargino
masses. Nevertheless, the sums of the mixing parameters
weighted by these masses, can be expressed by the fun-
damental gaugino and higgsino mass parameters in closed
form.

A.1 Neutralino system

The following mass weighted sum rules'?

4 2 2

+2
Zm?|zij|2 mz ; ||
i

: 2 |ul?
Zmimﬂziﬂ T
ij

4

M;|? + m2s?
S melgnyl = PO 20w
ij w

12 We introduce the abbreviations sow = sin 20w and cow =
cos 20w
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|M1 sy, + [ Ma|?cqy, +m%c3y,

4
> milgLi® =
i

1 4
16 ¢y sty
4 2
o M
mMiM;igri; = A
ij w
4
] 2 o |M1512/V+M20%/V|2
Zmlm]g“j o 16¢4 54
i wSw
4 2 .2
ms S, C
Z°wW “2p
E mim; Zijgrij = — 55—
2c
ij w
4 2 2
my, CovirC
z Cow 28
E mimiZingij = TRE2 2 (85)
7 Ciy Sty

and

4
2
> _mimilgriP= [IMi sty + | Mal*cly +mYcdy]
ij
J16 ¢y sy

4

2
> mim?lgri;*= [|Mi* + mysiy ] /cly (86)
i

can be used in the sum of the neutralino cross sections

of{ij}
i<y
—”702{[6454 — 8% +5] + AY/s+ AY/s} (87)
 48¢cl sty w W ! 2

lim s
S§— 00

to calculate the coefficients A? and AJ which control the
approach to asymptotia:

AY = (8syy — dspy + 1)m% + 3m2, + 48sy,m2
—192syy (| M3 + m7siy)
—12(]M: sy + [Maf ey + m i)

+6{ M1 = Ma[2syy /4

—I—mQchw(l + cowecag) — m%L } log (1 + s/mE;L)
—|—483%V {mQZs%,V(Q + o) — 2m§R} log (1 + s/m%R)
3 2
A = e {|M1|25€V + [ My ey + mQchw}
ér
485 2
+ m2W {IM]? + m sy }

€R

(88)

The approach to asymptotia is fast for the reference point
chosen before. For /s = 2 TeV the form including the
subleading terms in (87) and (88) has reached already 90
percent of the asymptotic limit.
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A.2 Chargino system
The coefficients AfQ in the sum rule for the chargino cross
sections
2

o™ {is}
ij

(89)

lim s
S§— 00

2
e’

can be evaluated in the same way:

AE = 2(658, + 5sty — 855, +2)m%
—3(8syy — 4s%, + 1) m¥,
+18 cyym2 — 24cy, (| Ma|* + 2m€vc%)

—12¢y [m3 &y + miyc3(2sy — 1)] log (1 + s/m3)

6
AQi =3 C%V(|M2|2 + 2m%,vc%)2 (90)

v

Again, the approach to asymptotia is fast for the param-
eter set under discussion.
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